The interaction between a spherical particle in a pore near a constriction and the wall is calculated in order to understand the behavior of dispersions on their transport through a porous medium. A simplified geometry of the pore is assumed which permits, for a spherical particle: The method permits solution of the Navier-Stokes equation, in the low Reynolds number range (e.g., Re = 5 × 10-4), as long as the closest distance between the particle and the wall is at least 0.3 urn. The results indicate that under the conditions covered by the present calculations, for a stationary particle near a pore constriction, the hydrodynamic interactions by far predominate over colloid chemical interactions.
INTRODUCTION
The behavior of dispersions in a porous medium is of practical interest for its relevance to filtration theory and to emulsions passing through a geological sediment. The situation is of theoretical interest because there is competition between various types of forces (colloid chemical, hydrodynamic) acting on the particle when it approaches a pore constriction. This situation therefore affords an opportunity to compare the influence of such forces.
Experimentally, large permeability reductions have been observed, e.g., in the case of emulsions flowing through porous media (1, 2, 3) , even if the emulsions are stable, while there is a pronounced electrostatic repulsion between droplets and pore wall, and while the emulsion droplet size is smaller than the av-1 Present address: KIWA, Nieuwegein, The Netherlands. To whom correspondence should be addressed. erage pore diameter. Similar phenomena are known in filtration theory.
For particles larger than the average pore diameter, a mechanical sieving action would suffice for understanding the permeability reduction. Similarly, the permeability reduction can be understood if particles larger than the average pore diameter originate in the pores during transport of the dispersion through them; in other words, if we are dealing with an unstable dispersion which coagulates (or even coalesces) under the influence of shear. Nor is such a permeability reduction surprising if the particles can be considered to adhere to the pore walls. However, a permeability reduction has been observed in cases in which neither of these explanations seems to be applicable.
In order to understand such cases, we performed some calculations of the most important forces acting on a stationary particle near a pore constriction. The stationary particle condition was chosen because it is the most interesting one from the standpoint of blocking of pores. The calculations have been restricted to particles which are large enough for Brownian motion to be neglected (which is the case of interest when dealing with emulsions, and with many suspensions in which pore blocking has been observed).
The present investigation treats this problem for the case of a stationary spherical particle and the pore constriction that hasa funnel-like shape. In order to approachtlieoretitally the situation of pore blocking, the boundary conditions were chosen to refer to a stationary particle near a pore constriction. The particle in the pore will be subject to five different forces: attraction due to London-van der Waals forces; repulsion on partial overlap of the electrical double layers of the particle and the pore wall; drag forces induced by the flow of the continuous phase around the particle; buoyancy; and capillary forces. The last two forces are ignored. There are no indications that such forces play a dominant role in pore blocking, and inclusion of them would make the equations unnecessarily complicated, distracting attention from the central issue of this paper, the competition between hydrodynamic and surface forces.
For brevity, we restrict ourselves in the present paper to the case of Hamaker constants >0, because this is the case of most interest to pore blocking.
A simplified geometry of the pore constriction is assumed (see Fig. 1 ), which permits analytical calculation of the London-van der Waals attractive energy and numerical calculation of electrostatic repulsion and hydrodynamic drag. In this geometry, the particle is assumed to occupy an axial position in the cylindrical pore.
LONDON-VAN DER WAALS ATTRACTION
With the geometry of the situation near a pore constriction described in Fig. I , the attractive forces between the wall material and the particle can be treated analytically as long as the Hamaker constant is taken to be inde-FIG. 1. Pore geometry assumed for calculation of the interaction between a particle and the pore wall, near a pore constriction. pendent of distance, Thus, retardation effects are neglected; the impact of this approximation on the final result will be discussed later.
By an approach in essence similar to that employed by Hamaker (4) we obtain the total attractive energy by integrating the attraction between two atoms, one in the pore wall and one in the particle, over the volume both of the particle and of the wall material:
E=-fdVlfdV2 Q2x r6 . [1] Here X is the London-van der Waals constant describing the attraction between two atoms, one in the volume element d V1 of the pore wall material, the other in the volume element d V2 of the particle; r is the distance between the two volume elements concerned; and Q is the number of atoms per unit volume in d Vl and dV2 (taken equal for simplicity). The product rr 2Q2X is usually indicated as the Hamaker constant AHam- An analytical integration of this equation is described in Appendix 1. In this treatment, the interaction energy between particle and pore wall is divided into three parts: E~ referring to the interaction of the particle with the material in the wide part of the pore wall;
E2 concerning the interaction with the wall material where the pore is narrowing; and E3 concerning the interaction with the narrow part of the pore wall.
The total attractive force exerted by the pore wall on a particle approaching the constriction is then obtained by differentiating the total attractive energy with respect to the distance:
Here h is the parameter indicating the position of the particle in relation to the pore constriction; h = 0 indicates that the particle center is at the beginning of the narrow part of the pore. Qualitatively, these figures can be understood as follows: a particle in a homogeneous pore (an infinite straight cylinder) does not experience any net attractive force from the pore wall, although the interaction energy between wall and particle is nonzero. There are equal amounts of material in the pore wall above and below the particle, exerting forces which compensate each other. However, the interaction energy is larger when the particle is in a narrow pore then when the particle is in a wide pore, and therefore a net attractive force arises near a pore constriction. This force is at its maximum when the particle is near the entrance of the narrow part of the pore (h --0).
ELECTROSTATIC REPULSION
For calculating the electrostatic repulsion between the particle and the pore wall material, first the electrical potential in a cylindrical gap is calculated. Both particle and wall, in the conical part of the pore, are divided into slices (Fig. 4) . Every section is then approximated, as in the Derjaguin method for calculating the electrostatic repulsion between two spherical particles for large Ka values (5) 
where Rp = the radius of the inner cylinder; R = the radius of the outer cylinder; t = K(r -Rp)/r; r = the Debye-Hueckel parameter, we obtain the equation
This equation was numerically solved, using a finite difference relaxation scheme (NAG library subroutine D02GAF). For the potential determining electrostatic repulsion, at the pore wall -0.08 V has been taken; at the particle -0.07 V (see later).
A typical solution of Eq. [ 7] is shown in Fig. 5 . Similar curves were calculated for all slices in Fig. 4 . The minimum in absolute value of such a curve was used to calculate the contribution of the slice concerned to the repulsive pressure, by using the Langmuir equation (6) p = 2nokT(cosh Ymin --1).
[6]
The total repulsive force experienced by a particle approaching the pore constriction was calculated by multiplying this pressure by the surface area of the slice concerned at its minimum absolute potential value, and by summing all contributions of these slices, FR = ~, lrRslicePisin 20iAz, [7] where Az is the height of a slice, Rslice is its radius, and Oi is the angle between the direction of the r axis (i.e., the direction of the osmotic pressure) and the normal of the particle surface. Figures 6 and 7 show typical results. The height of the conical pore section appears to have much less influence than the pore diameter. Separately, the influence of the number of slices was checked and found to be negligible as soon as this number was 31 or larger. HYDRODYNAMIC FORCE The Navier-Stokes equation was solved for the geometry depicted in Fig. 8 (to be considered axisymmetric), using the finite element method with the penalty function approach (7, 8) , with the following boundary conditions: (a) no slip at the pore wall (boundaries 2, 3, and 4); (b) no slip at the particle surface (boundary 7); (c) the velocity at the inlet boundary 5 has a parabolic profile;
(d) to prevent oscillations in the solution, Neumann boundary conditions were used at the outlet of the pore (boundary 1 ).
The resulting velocity profile was used to calculate the drag coefficient.
The starting point therefore is the NavierStokes equation, [91 Here u is the velocity of the fluid phase, p is the pressure, O is the density of the liquid, and f comprises external forces acting on a volume element. The coordinate system employed is again a cylindrical one, with the z axis = the direction of flow.
Equations [ 8 ] and [ 9 ] can be made dimensionless by introducing a characteristic length L ( = the particle diameter) and a characteristic velocity U0 (= the maximum velocity at the inlet). These quantities are employed to make linear parameters dimensionless by dividing them by L, velocities by dividing them by U0, pressures by dividing them by p U 2, and volume forces f by dividing them by U~/L. Indicating henceforth dimensionless quantities by u, p, and f, we obtain where Re is the Reynolds number pUoL/~. The form of this equation indicates that it is not applicable at Re = 0. In our calculations we used Re = 5 × 10-4.
The axisymmetry of the geometry implies that derivatives with respect to the coordinate if, and u~ are assumed to be zero. In addition, it implies that for the z axis the boundary conditions ur = 0, OUz/Or = 0 hold.
The other boundary conditions mentioned amount to ur = 0 and Uz = 0 at boundaries 2, 3, 4, and 7, while the inlet velocity profile is given by = [2Rpr] 2 1, ur=0.
[11] Uz JR, J-
The Neumann boundary conditions at boundary 1 in Fig. 8 can be expressed by
at this boundary.
In addition, for the pressure the boundary condition p = 0 at boundary 1 is applied.
The velocity profile calculated thus leads to the normal and tangential stresses in the liquid. To calculate the drag force, the vertical z components of the normal and tangential stresses at the particle surface must be integrated over the particle surface. The normal stress is equal to the hydrodynamic pressure, and the tangential stress is equal to the vorticity at the particle surface. This leads to the following equation to calculate the drag coefficient Ca:
In Eq.
[ 13], F is the drag force acting on the sphere, A = ~rR~ is the area of a section through the center of the particle, and ~ is the angle between the z axis and the normal to a surface element. Here, p~ is the hydrodynamic pressure at the surface of the particle, and (~ = V X u at the particle surface.
A typical result is shown in Fig. 9 . 
DISCUSSION
The formulae derived in the preceding section have been applied under the conditions of a repulsive potential equal to the ~'potential at the surfaces concerned found in emulsions under some conditions resembling practical ones (3) (~'emulsion ~ --0.08 V; ~'wall ~ --0.07 V (3)). As to their order of magnitude, these data agree with data presented by Soo et al. (1, 2) . Although the ~'potential is conceptually different from the potential determining electrostatic repulsion, in practice it appears to be a good indication for the double layer repulsion, at least in the absence of adsorbed polymer layers at the phase boundary concerned (9, 10).
Figures 10 and 11 present some data obtained for a particle smaller than the narrow part of the pore. Note in these figures the difference in vertical scale, necessitated by the difference in the order of magnitude of the forces involved. It is seen that the hydrodynamic drag force by far surpasses colloid chemical interactions. It should be noted that this has been calculated for electrostatic repulsions at about their maximum values ( potentials larger than 0.08 V in absolute sense are rare). In addition, the calculations refer to the equilibrium electrical double layer not disturbed by flow. This means restriction of the results of this calculation to cases of low flows, or to cases in which the thickness of the double layer (l/r) is small compared to the dimensions of the particle considered.
If the assumptions mentioned are fulfilled, Fattraction < Frepulsion ~ Fhydrodynamic drag.
[ 14 ]
The former part of this statement will not come as a surprise, at the given repulsive potentials introduced into the calculations. It should be remarked that our calculations of the London-van der Waals attraction refer to unretarded interactions; the relatively modest character of the role of attraction will in reality be even more pronounced when retardation is taken into account.
For lower values of the potential responsible for electrostatic repulsion, the sequence of the first two items in Eq. [14] may be reversed. Therefore, our general conclusion should read that, for a stationary particle at low but nonzero Reynolds numbers, the hydrodynamic forces predominate over colloid chemical forces.
Similar data for the case that the particle is larger than the smaller pore radius are presented in Figs. 12 and 13. As might be anticipated, the electrostatic repulsion rises steeply when the particle and the pore wall nearly make contact. On very close approach, the numerical solution of the equations becomes increasingly difficult. A typical practical limit in our calculations was a distance of closest approach between particle and pore wall of about 0.3 #m for a particle with radius = 1 tzm; it should be noted, however, that this limit is expected to be dependent on the computer facilities used. As a practical consequence of this it is expected that the closest distance between a particle and the pore wall will become significantly less than 0.3 #m.
For the case of deformable particles (droplets of disperse phase in an emulsion), the schematization of the geometry as indicated in Fig. 1 will lose its applicability when particle and pore wall nearly make contact. On mutual approach of two emulsion droplets, deformation of the droplets may occur when the interfacial tension is low enough (< about 0.0001 N/m (11 )). In the case discussed in the present paper, because of the large operative hydrodynamic forces, deformation of the droplet as schematically indicated in Fig. 14 is to be expected, even in cases when the interracial tension does not attain very low values. In the case of pronounced electrostatic repulsion between droplets and wall discussed here, the distance between droplet and wall will be of the order of 10 nm (the distance of the secondary minimum to be expected). Such a close approach will effectively prevent liquid transport between droplet and wall, and this will lead to pronounced pore clogging when FIG. 14. Schematic of deformation of emulsion droplet to be expected close to the pore constriction, when the droplet is larger than the narrow part of the pore.
part of the emulsion droplets are larger than the pore constrictions, even if the electrostatic repulsion between wall and droplet is large enough to prevent direct contact between droplet and wall. Starting from Eq. [ 1 ] , first the integration over d V2 referring to the particle is performed. This leads to the energy of interaction between the particle and one atom of the wall material situated at a distance a from the center of the particle, as shown in Fig. A The integration over d Vl, referring to the wall material, is best performed in cylindrical coordinates:
EA =
Epqrdrdzd~p.
[A2 ] oo (z)
In order to perform the integration [ A2 ], a is eliminated from [All through a=Vr ~+(z-h) 2.
[A3]
We consider the particle to be situated in the upper part of the pore (as shown in Fig.  1 ). The attractive energy is then additively composed of three parts:
(a) El, the attraction between the particle and the part of the pore material lower than the pore constriction; (b) E2, the attraction between the particle and the middle (i.e., the conical) part of the pore material; and (c) Es, the attraction between the particle and the upper part of the pore wall material. 
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If the particle is of the same size as the lower part of the pore, then El is given by 1 E1 = 12h3.
[A4b]
If the particle is larger than the narrow part of the pore, then El is given by For the meaning OfRl, R2, Rp, h, and Zo, see Fig. 1 . If the particle is of the same size as the lower part of the pore, E2 is given by 2Cl 1 E2 = 3b~ 12c~(z0 + bl/2Cl) " [A5b]
If the particle is larger than the narrow part of the pore, then E2 is given by
